A classical theorem in complex algebraic geometry states that, for any smooth projective variety, the Gauss map is nite; in particular, a smooth variety and its Gauss image have the same dimension (with the obvious exception of a linear space). Furthermore, even when the variety is not smooth, Zak proved a lower bound on the dimension of its Gauss image in terms of the dimension of its singular locus. Our purpose in this note is to reinterpret Gauss maps within a more general algebraic framework, and thus recover Zak's bound on the dimension of the Gauss image as a special case of an interesting new bound on the analytic spread of a module of K ahler di erentials. This connects that classical subject in complex geometry to recent research in commutative algebra concerning integral closures of modules. In particular, we give a new, purely algebraic proof of Zak's theorem.
We recall a precise version of Zak's theorem. Let X be an irreducible projective variety of dimension d de ned over an algebraically closed eld k, considered with a xed embedding X P(V ) for some nite dimensional k-vector space V . The Gauss map is the rational map from X to the Grassmannian of projective d-planes in P(V ) assigning to each smooth k-point of X the projective tangent plane there, ? : X 9 9 KG (dim X; P(V )) p 7 ! T p X:
The Gauss image of X, denoted ?(X), is the closure of the image of the smooth locus of X under ?. Zak's theorem states that, provided X is not a linear subvariety of P(V ), the dimension of the Gauss image satis es the inequality dim ?(X) dim X ? dim Sing(X) ? 1;
where Sing(X) denotes the closed locus of non-smooth points of X and dim ; = ?1 Z, 2.8, p.23] . In the smooth case one obtains dim ?(X) = dim X, a result that was known before, at least for complex algebraic varieties ( GH, 2.29]) .
In this paper, we deduce Zak's theorem from our main result, which is an interesting bound on the analytic spread of a module of K ahler di erentials. The analytic spread is an important invariant in the theory of integral closures of ideals { and more recently modules { over a commutative local ring. Roughly, the analytic spread of an ideal I in a local ring R is the smallest number of generators of any ideal having the same integral closure as I; more geometrically it can be formulated in terms of the dimension of the closed ber under the blowing up morphism of the scheme Spec(R) along V (I). The notions of analytic spread and integral closure are well-understood for ideals; the natural extension of these notions to modules is of more recent interest. The precise de nitions are recalled in Section 2.
The main objective of this work is to give a lower bound for the analytic spread of V d R=k in terms of the singular locus of Spec(R), where R=k denotes the module of K ahler k-di erentials on a standard graded domain R over a eld k, and d denotes the dimension of R. Speci cally, Theorem 2.1 establishes that unless R is a polynomial ring, this analytic spread is at least as large as the codimension of the locus of non-smooth points of R over k. The fundamental importance of this result is evidenced by the the fact that it quickly recovers Zak's bound on the dimension of the Gauss image; indeed, one might call it an algebraic interpretation of Zak's bound.
Our In Section 3 of the paper, we show how our bound on the analytic spread of the module of K ahler di erentials leads to the classical theorem on the Gauss map. For this, we develop more generally a notion of algebraic \Gauss maps" attached to a nitely generated graded R-module M that, when applied to the case where R is the homogeneous coordinate ring of X in P(V ) and M = R=k , leads to the classical Gauss map for the projective variety X. The connection to the module V d
R=k is via the Pl ucker embedding. Zak's theorem then becomes an immediate corollary of the main bound in Theorem 2.1.
Our estimate leads naturally to a more general question. To wit, let M be a nitely generated graded module of rank r (which is not a direct sum of a free module and a torsion module) over a standard graded domain. When is the analytic spread of V r M at least as large as the codimension of the closed locus of Spec(R) where M is not free? where m is the unique maximal ideal of R. When M = I is an ideal of R, note that the projective scheme Proj (R(M)) R R=m is precisely the scheme-theoretic ber over the closed point m in Spec(R) under the blowing up morphism Proj (R(I)) ?! Spec(R). Thus the analytic spread is one more than the dimension of this closed ber. If the residue eld R=m is in nite, then the analytic spread is the smallest possible minimal number of generators for an ideal over which I is integral. When M is a nitely generated graded module over a nitely generated N-graded ring R over a eld k = R 0 , the analytic spread is de ned analogously, with m denoting the unique homogeneous maximal ideal of R. For generalities on Rees rings of modules, see SUV] .
Our main result reads as follows.
In order to prove this result we develop some preliminaries. by a xed nonzero homogeneous element of R, we get an inclusion J I of homogeneous ideals of R. In this setup one has to prove that I J, where J denotes the integral closure of J. Clearly, it is enough to verify the latter inclusion after localization at each associated prime of R= J. Since R is universally catenary, a result due to McAdam M, 4 .1] shows that dim R P `( J) =`(J) for any prime P associated to R= J. Since`( V d R=k ) < s by our assumption, we know that`(J) < s, so that for any prime P associated to R= J, we have the inequality dim R P < s. This forces P to be in the smooth locus of Spec(R). Thus, as seen above, J P = I P . It follows that IR P JR P for every prime ideal P associated to R= J, and the proposition is proved.
Proof of Theorem 2.1. Replacing k by k(t), where t is an indeterminate, we may assume that k is in nite. We may further suppose that codim Sing(R) > 0 in which case the quotient eld of R is separable over k and R is geometrically reduced. According to Proposition 2.2, it su ces to show that the canonical class c R=k :
is not integral unless R is a polynomial ring. To do this, we make use of the following easy-to-prove fact: if N M is an integral extension of torsion-free nitely generated graded modules over a graded domain R, then no element of M can have degree less than the smallest non-zero degree that occurs in N .
Recall that the a-invariant of R can be de ned as Actually, the argument is essentially the same as the original. Indeed, for any ideal I generated by a homogeneous system of parameters in a graded domain of prime characteristic, it is known that I = IR +gr \R ( S1, Theorem 1]). We can use the above alternative, more generally, by using reduction to prime characteristic, and then passing to the case where the base eld is algebraically closed. These steps are somewhat technical, but of course our proof above hides the technical di culties behind the de nition of tight closure in characteristic zero.
Algebraic \Gauss maps"
In this section we develop a general algebraic theory of Gauss maps, which will allow us to deduce Zak's bound on the dimension of the Gauss image of a projective variety as a corollary of the main theorem of the preceding section.
Let R denote a standard graded domain with R 0 = k an algebraically closed eld, and let m be the homogeneous maximal ideal of R. Write X = Proj(R). Thinking of X in this way, we have essentially xed an embedding X P(V ) where V = R 1 is the k-vector space of linear functionals on the space of degree one forms in R. Let M be any nitely generated graded R-module of rank r generated by homogeneous elements of the same degree, and let F be a graded free R-module generated by a nite set of homogeneous elements of the same degree mapping surjectively onto M by a degree-preserving map. Write W for the k-vector space (F R R=m) , the k-dual of F R R=m.
For any closed k-point p = a 0 ; : : : ; a n ] 2 X P(V ), pick a maximal ideal m a : = (x 0 ? a 0 ; : : : ; x n ? a n ) of R corresponding to a representative of p on the a ne cone over X in V . Note that there is a natural isomorphism of vector spaces The image M a in W depends only on p, and for any p in the free locus of M , is a k-vector space of dimension r. This yields a well-de ned map on the free locus of the module M , M : X 9 9 KG (r ? 1; P(W )) P( As a corollary to Proposition 3.1, we obtain the following result. that is an isomorphism locally on the smooth locus of R. We ask: If R is not regular, is it true that c R=k is not integral? Proposition 2.2 can be adapted to this setting, so a positive answer to this question would establish the local version of Zak's theorem proposed above. In addition to our work here in the graded case, there is some evidence to support this approach.
For example, assuming R is Cohen-Macaulay, a positive answer follows from work of Kunz and Waldi ( KW, 5.20] ). Also, a positive answer can be shown in the quasi-Gorenstein case (that is, when ! R=k is free), using the Dedekind di erent and the theorem on the purity on the branch locus. It seems reasonable to conjecture that in the general setting described above, c R=k is never integral unless R is regular.
3.4. Remark. It is natural to investigate whether the local version of Zak's theorem might hold much more generally. Namely, if R is a Noetherian local domain and M is a nitely generated R-module of rank r (which is not a direct sum of a free module and a torsion module), when is the analytic spread of V r M at least the codimension of the non-free locus of M ? In other words, when is ( V r M ) height F r (M) , where F r (M) is the r-th Fitting ideal of M ? In light of Proposition 3.1, this inequality in the graded case implies a general statement analogous to Zak's theorem on the dimension of the Gauss image for the maps M discussed above.
3.5. Remark. In more geometric language, a key point of our approach to Zak's theorem is to show that there is a non-zero global section of the sheaf ! X (d ? 1).
